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ABSTRACT

In. the measurement of impedance at ultra-high frequencies
by means of detecting standing waves on transmission lines, it is
necessary to know the response law of the detector. This usually
involves either a calibration of the detector or an assumption as
to its characteristics. By means of the basic transmission-line
equations and the general law of detection, expressions are de-
rived which give the voltage-standingwave ratio as a function of
measurable electrical angles, the expressions being independent
of the response law of the detector. Special cases of the general
equations are discussed, covering applications where high- or low-
voltage-standing-wave ratios are to be determined, with or without
the use of the voltage maxima or minima. The extension of the
methods to the case of' attenuating transmission lines is given.

PROBLEM STATUS

The methods described in this report were evolved while the
author was working on NRL Problem No. R06-18. This is a final
report.

AUTHORIZATION

NRL Problem (old number) R06-18 which has been closed.
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OBTAINING THE VOLTAGE-STANDING-WAVE RATIO ON TRANSMISSION
LINES INDEPENDENTLY OF THE DETECTOR CHARACTERISTICS

INTRODUCTION

In the measurement of impedances at ultra-high frequencies by means of detecting
standing waves on transmission lines, two quantities uniquely determine the value of the
unknown impedance. These are first, the ratio of maximum to minimum voltage on the
line, called the voltage-standing-wave ratio, and second the distance from a voltage mini-
mum to the point at which the load is connected. These quantities, in effect permit the
complex reflection coefficient of the load to be obtained, the relationships between the
various quantities being given below

ZL -+Z0K = o (1)

In equation (1), K is the complex reflection coefficient, ZL is the load impedance, and
Z0 is the characteristic impedance of the transmission line. Equation (1) is solved for the
normalized load impedance, giving

-ZL I+K (2)

ZO 1 - K

We can write K in polar form as

K KIj (3)

The magnitude of the reflection coefficient is determined from the expression

Vmax
IK | Vmin - 1 SL-l (4)

Vmax SL + 1
Vmin + I

where Vmax and Vmin are respectively the maximum and minimum voltage on the line,
and SL is the voltage-standing-wave ratio.

The phase of the reflection coefficient is determined from the expression

47r ;min (5)
X

1



NAVAL RESEARCH LABORATORY

where Xmin is the distance from a voltage minimum to the point at which the load is con-
nected. In Figure 1(a), a voltage distribution such as would exist on a line loaded with an
arbitrary impedance, is shown. Shown in Figure 1(b) is a voltage distribution such as
would be obtained on a shorted line. In Figure 1(c) are shown several possible detector
characteristics, the solid line being the response of a linear detector, the dashed line the
response of a square-law detector, and the dotted line the response of a square-root-law
detector. The effect of the three detector characteristics shown will be to give the various
"indicated' voltage distributions shown in Figures 1(d) and 1(e). Obviously, the values of
the voltage-standing-wave ratio which would be obtained from the distributions of Fig-
ure 1(d) depend considerably on the characteristics of the detector. If an assumption is
made as to the law of the detector, considerable errors can result. Similarly, if a cali-
bration of the detector is made and relied upon at some future time, errors can also
result. It is the purpose of this report to derive expressions for the voltage-standing-wave
ratio which are independent of the detector characteristics, thereby making detector cali-
bration, or an assumption of detector law, unnecessary.

(C)

1.

.7,,

/
/

(d) (e)
Is

>y ,2

VL

I :'<
% . I
% I I

1

(a)

Vs

(b)

Fig. 1 - Effect of detector
characteristics on voltage distributions

METHODS FOR OBTAINING THE VOLTAGE-STANDING-WAVE RATIO ON LOSSLESS
TRANSMISSION LINES, ASSUMING A LOSSLESS SHORTING TERMINATION

In Figure 2(a), a transmission line is loaded with an unknown impedance ZL. V and
I are the voltage and current respectively at distance 1 from the impedance EL, and VL

2
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INDICATOR

I ETOR |' L
0 e I X

Z o 11 I X1
I V V L

_ _ _ I

I - A L -I VL
- VL MAX

- I VL MIN
£

(a)

and IL are the load voltage and current.
The familiar transmission-line equa-
tions in hyperbolic form are

V = VL cosh yl + IL Zo sinh yl (6)

- VLI L cosh yl +- __sinh yl (7)

b is the complex propagation constant
( b) and is equal to

y= IY+j (8)- X MIN
2

where az is the attenuation per unit
length and : is the phase shift per unit
length given by

MAX (C) (9)

Fig. 2 - Voltage distributions of loaded and
shorted transmission lines

X being the wavelength in the trans -
mission line.

If the attenuation is negligible
we get

cosh yl = cosh j 3 l = cosj l

sinh y l = sinh j B 1 = j sin 3l

Equations (6) and (7) now become

V = VL cos 31 + jIL Z0 sinL

VL
I = IL cosPIl+j - sing l

(10)

(11)1

(12)

(13)

At a distance Xmin from the load we will have a voltage minimum. At this same point
the current will be a maximum. The impedance at this point is a pure resistance so that
Vmin and Imax will be in phase. In equation (12) if we replace VL by Vmin and IL by am;x,
the voltage V will now be the voltage at distance 1 from the voltage minimum, equation (12)
is now

V=V =min COS . l + j Imax Zo sin jl

The absolute value of equation (14) is given by

V2= V2 . cose gl± 12 Z sin2 1

14)

(I5)

If we let l = o in equation (15) we get V= Vmin which checks that equation (15) refers the
voltage V to a minimum point.

We know that at a point a quarter-wavelength from a voltage minimum, a voltage maxi-
mum will exist, so ''±at letting 1 = A/4 in equation (15) gives

V = Vmax =Imax °

3
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Substituting for Imax in equation (15) gives

V2= V2. cos2 ,pl + Vax sin2 j31 (17)

Equation (17) now gives a convenient expression for the actual voltage distribution on a
line loaded with an arbitrary impedance as shown in Figure 2(b). We can let

0 = ,31 = 2vi (18)
X

For convenience we let
A = 21 (18)

Equation (18) then becomes

A= XA (19)

We can therefore write for the voltage distribution of Figure 2(b)

V2 = V 2  sin2 + V. Cos20 (0L Lmax L Lmin L (20)

For a shorted line, Vs min = o, provided the shorting termination is lossless, and the
analytic expression for the voltage distribution on a shorted line becomes

V2  V2  sin 2 9 (21)s s max (21

In Figure 3(a), is shown a voltage distribution such as would actually exist on a loaded
line. For two values of voltage VL and VL2 we can write equation (20) in terms of the half
angular widths OL l and 8 L2 as folows

V2 = v2 sino L+ V2i CosO L2 (22)
L2 L max L 2 L min L 2

V2 = V 2  sin29 + V 2  .COS2G 23
LI Lmax L Lmin (23)

Similarly, for the voltage distribution on a shorted line, shown in Figure 3(b) we can write

V2  V2  sin G2 (24)s 2  s max 2'

V2  V2  sin 2 0 (25)s~ s max I

As before, we have shown in Figure 3(c) a linear detector characteristic (solid curve) and
a non-linear characteristic (dashed curve), with Figures 3(d) and 3(e) showing the true
voltage distributions (solid curves) which would be obtained from the linear detector and
the "indicated" voltage distributions (dashed curves) which would be obtained from the
non-linear detector.

At a regular point of the non-linear characteristic of Figure 3(c) we can write a Taylor's
series

V = f(Io) + df I) 2 d f...... ... (26)

where I is the operating point at which the derivatives are evaluated. We can thus write

4

V2 = f(I) (27)
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(d)

VL
A L2 MAX

L2

ILI

IL MIN

V 2  VL
VLI a VL MAX

a a (
VL M IN : L I .AL 2 (a

. .

a.)

: VS2

V I VS MAX

! S (b)
:A51 S IS2

I U
Fig. 3 - Conditions pertaining to the
derivation of the general equation

the particular form of the function depending only on the operating point. We
stitute for V2 in equations (22) thru (25) giving

v 2  sin 2 0 + 2 Cs2 f(
L max iL 2  L min 8 L 2 L

v2 sin 20 + V2 . .COS2 0 =f (I 3
L max L, Lmin Ll I

V2  sin o20= f(I
s max S2 S 2

V2  sin 2 0 =f(I )
s max sl Si

can thus sub-

(28)

(29)

(30)

(31)

In effect, the substitution by means of equation (27) transforms the true voltage dis-
tributions of Figures 3(d) and 3(e) into the "indicated" voltage distributions, the angles
L, CLly GS2, Os,, remaining unchanged during the transformation. Equations (28) thru

(31 thus give expressions for the "indicated" voltage distributions on the line. If now we
make VL 2 = V2 L then IL2 = IS2I so that f (IL2 ) = f (IS2 and equation (28) becomes equal
to equation (30). Similarly, if we make VL Vl = , 

ILl = Is, and f (IL l) = f (Is I) making
it possible to equate equations (29) and (31). It is of course not necessary for the functions
at the two voltage levels to be equal to each other. We can thus combine these four equations
(28) thru (31) to give

V-ma sin2m S2 - VLmax sin2 L2 + VLmin co0 0 L 2

V2ma sin2 0 VLm2 sin2 OLl + VLmin cos2OLl (32)

It will be noticed that the quantity Vs max cancels from equation (32). Recalling that the

(C)
I

(e)

'S MAX

TS MAX

AA

5
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voltage-standing-wave ratio SL is given by

SL = VL max/VL min (4)

equation (32) becomes

si20 2SO 2sin2  5 L sine OL2 + cose Ol 2

sin 2 0Si SL2 sin2OL, + cos 2 6 L (Ti

Solving for S 2 gives

sin2  
COS 2OL, - COS'2 OL2

_2 sin'051  1 2
L sin 2e0L2 - sin2 65 2 s sin 2 OL1  34

sin- 2 0OS
1

Equation (34) thus gives the voltage-standing-wave ratio as a function of four measurable
electrical angles, the expression being independent of the detector characteristics at each
of the two voltage levels at which the angles were measured. This general expression can
be applied in the following manner.

Method 1

The line is loaded and two convenient values of "indicated" voltage are chosen. These
are designated IL2 and IL, in Figure 4(a). The positions on the loaded line at which
IL = IL2 and IL = IL1 are noted thus permitting the quantities AL2 and AL1 to be obtained
by subtraction. The angles &L2 and OL, can then be calculated by means of equation (19).
The line is then shorted, the maximum voltage being made greater than that of IL in the
loaded case. The quantities As2 and AsIare determined at the voltage levels at which
s2 = IL2 and Is = IL , and the angles Os2 and Os are calculated. Equation (34) then

permits the calculation of the voltage-standing-wave ratio without using either the voltage
maxima or minima on the loaded line. In this general form the equation cannot be readily
plotted but it can be simplified in various ways which will be discussed below.

(a) (b) In measuring high voltage-standing-wave ratios
it is usually not possible to get both the maximum

IS and minimum voltage on the same scale of the in-
IL r dicator. Thus if an observable reading of the min-

I rimum voltage is obtained, the maximum voltage will
IL I S2 ..... \ S be off scale. If the maximum voltage were set on
ILI........ IS.I .............. scale the minimum would not be observable. Mea-

surements of high voltage-standing-wave ratios are
most conveniently and accurately made in the vi-
cinity of a voltage minimum, the voltage maximum
not being used. For this reason, methods which

Figure 4 are to be discussed will be divided into two groups:
those which do not require the use of the voltage
maxima on the loaded line will be indicated as most

useful for the measurement of high voltage-standing-wave ratios, and those which use the
voltage maxima on the loaded line will be indicated as most useful for the measurement of
low voltage-standing-wave ratios. As an additional subdivision, methods which do not re-
quire the use of voltage minima on the loaded line will be indicated as most useful when
noise obscures the minima. Noise will, in most practical cases, cause the most difficulty
when high VSWR's are to be measured, but it is possible that owing to the lack of sufficient

6
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power during the measurement of a low VSWR, noise would obscure the minima. We will
thus also discuss special cases of equation (34) applicable to the measurement of low VSWR
when noise obscures the voltage minima on the line.

Method 2

In this method (Figure 5) the values AL2
and AL, are determined as before but when
the line is shorted the maximum is made
equal to IL2. This makes As2= X/2 so that
OS2= 900. For Os2 = 900, equation (34) re-
duces to

Cs2OL 2

2 0OS, - COSOLS 2 sin2 iL-s L

sin L2 -sin2
(35)

-S I

vLIV , 2SI.......... ...

Figure 5

This equation can be used to determine a high VSWR when noise obscures the voltage
minima on the line, since neither the maximum or minimum voltage on the loaded line is
used. For convenience in plotting equation (35) we make the following simplifying assumptions:

eL 2 < 10° (36)

cos OL2 t 1

cos OLi 1  1

sin 0 L2 a IT L2/A

sin CjL X ; VAL /;

(37)

If we further let

AL2 = i2W ALi

Equation (35) reduces to

L ( A L)

cos2 SI

= 2 sin2O - 1

which can be written as

s2 (7r X LI) 1- IL X tan2 S ~-1

Since CL2 = V28L , using equation (36) the condition imposed on equation (38) is that

ALl < 70

From equation (39) it is also evident that

Os, < 450

(38)

(38)

(39)

(40)

(41)

7
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A nomograph of equation (39) is shown in Plate 1 on page 16. Instead of SL we have plotted
dbL = 20 log10 loSL on the appropriate scale.

Method 3

This method and the one following are included to complete the discussion of the pos-
sible applications of equation (34). Referring to Figure 6 we determine As2 at the voltage
level IS2 = IL max thereby making 6 L2 = 90° equation (34) becoming

2 Sin2 OS2 cO5OL,
L = sin2 S - sin 2O5 sie LI (42)

This method could be used for measuring low values of VSWR when noise obscures the
minima.

Is
IIL

.. .' L2 " 'S -M S2
AiLI L ASI.C. 'L...... . ISI

Figure 6

Method 4

Referring to Figure 7, we measure
= O0, equation (34) becoming

sin 2 0 _

sin 2 9
s 2 S

c, =

sin uL

IL ... .....'S2 ...........1LI .S I.......Figure
Figure 7V

Aslat the voltage level Is, = ILmin thereby making

--cos S0
2

(43)

This method can be used for measuring high values of VSWR.

Method 5

In this method (Figure 8) AL2 is measured at some convenient level IL2 with the line loaded.
When the line is shorted the value of Is max is made equal to IL2 and AS1lis measured at
the voltage level at which Is = IL min. This procedure makes 0LI = 00 and OS2 = 900,
equation (34) becoming

cot 2 0
S2 - I =- 51

L sin2 0L

For SL > 10, equation (14) becomes

cot 0
,, S1
5L sinOL

(44)

SL > 10

8

OLI

(45)



NAVAL RESEARCH LABORATORY

A noniograph. of equation (45) is shown in Plate 2 on page 17. This method is the one most
useful for the measurement of high values of VSWR.

IL .I L Is

'LIs...'P.. ....... ..
IFi ISgr A

Figure 8V

2......
I. ...... 9

Figure 9

Method 6

Here, in Figure 9, the maxima on the loaded and shorted lines are made equal and
ALi and As1 determined at some convenient level IL1 = IS1 . This procedure makes OL =
Os2 = 900 with equation (34) becoming 2

0nQ2 f
S92 = ~ - - "L, 1

L sin' 0 - sin' 0
Si L

(46)

A nomograph of equation (46) is shown in Plate 3 on page 18. This method is the one most
useful for the measurement of low values of VSWR when noise obscures the minima on the

Is
loaded line.

Method 7

In this method (Figure 10) As2 is determined
at the voltage level IS2 = IL max and A5s is de-
termined at the level IsI = IL min- We thus have
OLI = 00 and 0 L2 = 900 equation (34) becoming

SI-- LI

Figure 10 I

I L IS
.L2

As1

LI.......-ISj ..-....

Figure 11

sinO
S - S2

L- sinO
Si

(47)

This method could be used for the measurement
of low values of VSWR.

Method 8

In this method (Figure 11) the maxima in
both the loaded and shorted lines are. made equal
and As1 is determined at the voltage level Is =
IL min. This makes OL 2 = OS2 = 900 and OL 1 = 00,
equation (34) becoming

(48)
= sinS Si

9

ILE .. ...

.r. . -Isl
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==== - - - ==A graph of equation (48) is shown in
=Z -- =--- l = - - - Figure 12. This method is the one

-- - - - - - most useful for the measurement ofX- -- ---- - ---low values of VSWR.--< -- -I ------ Expression for the Law of the Detector

-_ I \ -I - XAn expression for the law of the
- --- - --detector can be obtained by making

)l the assumption that the response ofXo - -X-the detector has the general form

--- i I = kV (49)

- - I II \T l - -T T This not only assumes that detector
__ ---- - -response n T behaves the above equation

-_ -_ -I-at any point but also that the law of
the detector is the same over the en-
tire range of V.

00 90 Assuming that equation (49) ap-
8~1 plies we can solve it for V giving

Fig. 12 - Graph for method 8 V =(I )l/n (50)

We had as the general expressions for two values of voltage Vs2 and Vs. on a shorted line

V2  =v 2  sin 2 O(4
S2 smax S2 (24)

V 2 =V 2  sin 2 0 (25)
SI smax S(

From equation (50) we can write

(I2 2/n
V 2 =(k)(51)

V2= (I /n (52)
so

Substituting from equations (51) and (52) into (24) and (25) gives

2Is /n

Vsmax sin 2 (53)

/I \2/ni V 2 sin 2 0 (54)

Dividing equation (53) by (54) gives

~IS2 1/n sin S

sinO0 (55)

Solving for n loglo (I /I )
log l0 (sin 0/silO l) (56)

10
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Equation (56) can be used to determine the law of the detector n, for methods 1 through 8;
but for methods 2, 5, 6, and 8 for which the applicable equations have been plotted, es, = 90o
and equation (56) can be written

log1 0 (k2/I l)
(57)log,, (1/sinO )

Si

A nomograph of equation (57) is shown in Plate 4 on page 19.

METHODS FOR OBTAINING THE VOLTAGE-STANDING-WAVE RATIO ON LOSSLESS
TRANSMISSION LINES INDEPENDENTLY OF SHORTED LINE CONDITIONS

We now describe several methods by which the VSWR can be
voltage distributions on the loaded line. Referring to Figure
tribution IL on the line, Equations (28) and (29) apply as
was previously the case

obtained by using two different
13(a) we have a voltage dis-

v2  sin 20 +-V2

L max L i L min

Cos2L2 =f(I 2)

cos2 LIl =f (I )

If we adjust the power input to the line so that a somewhat
lower distribution IL' is obtained as shown in Figure 13(b),
enriations (28) and (29) can again be applied as follows

Lmax sinL2 L min. )2  L

VL 2xsin 28' + V'2  os 2 0 =f (I )
Lnax L1 1 Lmin L1 I LI

(58)

(59)

If now we let IL2 = 'L2 , then f (ILi) = f (OL') and equation
(28) equals equation(58). Similarly if we let IL1 = IL',
then f (IL1) = f (I I) and equation (29) equals equation '59). We
equations giving

V2 sin 20L +
L max L +

VL max snAL +

V 2
L min

V 2
L min

c 8 L2

cos 2 0

V'L 2 sin 2 O' +

LV'1 m sin2 Oa L +L i,

nL2f
IL2 11-. IL2
ILI L.~I

Figure 13

can combine these four

V, 2
L min

V' 2'
L min

cos 2'
L 2

cos 2 0',
Li

(60)

We know that

Equation (60) becomes

S2 sin 2O0 + cos 26
L L2  aL

52 sin2 L0+ cos 2 O
L L i Li

s 2 Sin2 + cos 2 o,L L2 , L2
- S2 sin2 9' +cos2 ,'L Li L1

Solving for Se2 gives

s2
S =

L

Cos 2 0'L cos 2 L
Li L 2

sin2 0' sin2 20
Li L2

- COS 2j Cos C 0L l

L 2 Li.

Two applications of this equation will be discussed.

(28)

(29) (a) (b)

AL2p

VL max
VLmin

V'
_ L max

L min
(61)

(62)

(63)

-

I 

.

1. 

I

11
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Method 9

We have here made 0 i 2 = 90° giving for equation (63)

2 Cos 2 L cos 2 oL 2
L= sin 2 0 L sin2BL -sin 2 L (64)

This method (Figure 14) could be used for obtaining large values of VSWR when noise ob-
scures the voltage minima on the loaded line.

Method 10

I L2 \ *( L 2*.
TI - I'

Figure 14

IL I.

A.L ,2

In this case (Figure 15) we have set the conditions of
measurement such that eL2 = 9Q0 and 0L1 = 00 giving for
equation (63)

cot 0'1
Li

L : _ta-n-
(65)

Equation (65) can be applied for all ranges of VSWR however
it is most useful for high values. Shown in Plate 5 on page
20 is a nomograph of equation (65).

Expression for the Law of the Detector

Using a method of analysis similar to that used before
we obtain for the Method 10 the following expression for the
law of the detector

log lo (I2/Il )
n = loglo (cos 0 L2' (66)/sin 0 . )

METHODS FOR OBTAINING THE VOLTAGE-STANDING-
WAVE RATIO ON LOSSLESS TRANSMISSION LINES
INCLUDING EFFECT OF LOSSY SHORTING TERMINATION

If the short circuit is lossy, the minimum voltage on the
shorted line will not be equal to zero, the conditions of Figure 16(b) being obtained. We
can again write in the loaded case of Figure 16(a).

(a)
(b)

ITs

L5 IS2 *-. 2ILI \j '-SI - .-- 1
IS MIN

Figure 16

V 2 sin 22 + V 2 n
L max L2 *L min Cos2L2 f (L 2 (67)

Lmax s Li Lmin Li Li(68)

and in the shorted case of Figure 16(b)

v2 sin2 0 + V 2 . COS2 9 = f (I )smax S2 smin S2 s2 (69)

v 2 sin 2 0 + V 2 . cos 2 0 = f (I5 ) (70)

TLI

Figure 15

12
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By making 1L2 =2 and 1L = Is, we can combine the above four equations giving

V 2 sin 2 0 + V 2  COS2 0 v 2 sin22 0 m s 2 S COS2 0
L max L 2 L min L2 _ s max s2 s min 52

v2 sin 2 0 + V 2  .COS 2 0e
L max sn L I L min L I

letting

SL

and

S
S

equation (71) becomes
2 sin 2 0 + cos 2 e

L L 2 L2

S2 sin 2 0 + cos 2 L
L Li L

Solving for S2 gives

v 2 sin 20 + V2 COS 2 0
smax sI smin S

VL
VLimax

L min
V s max
V s mn
S2 sin 20 + cos20

S S2 S2

S 2 sin 2 0 + cos 2 0
s s1 SI

Q cos 2 0 - cos 2 0
- Li L2

oL sin2 L -Q sin2 L

cos 2 0

sin 2 0 + S2
- S

Q= cos 20
sin2 0 + - 2 SI

Si S

As before, we consider as practical cases those in which Os 2= 900,

ures 17(a) and (b) being obtained, equation (76) becoming

Q I1
cos2 0

sin 2 0 + S 2S
S1 S

(71)

(72)

(73)

(74)

(75)

(76)

the conditions of Fig-

(77)

To evaluate SL by means of equations (75) and (77) we need the value of the VSWR on the
shorted line. This can be obtained by applying Method 10 referred to on page 12. Refer-
ring to Figure 17(c), the line is shorted and iS measured at voltage level I1'. The
power into the shorted line is reduced till Is max = Is' as shown in Figure 17(b. The value
of Ss is then given by equation (65)

cot 0
S : sIs - tan 0'

S 2

(a)

ILI

(b)

I L Is

AuAv4..: IS2 .. j. .

(c)

IS2. 2

1sl

Figure 17

(78)
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Substituting Ss from equation (78) into equation (77) gives

COs2 8'

Q sin 20
S1

Substituting Q from equation (79) into equation (75) gives

cos2 0'
i20 S2 cos2V4L - Cos2 va

s2 S 2L ~COS2e
si 0 8 LI - 2OS0 LL ~cos2 0-;'

sin L2- sin2 0 sin Li
Equaion 80) an nw b use to eterine aluSIo SRwe os osue h ii

(79)

(80)

Equation (80) can now be used to determine values of VSWR when noise obscures the mini-
mum as shown in Figure 17.

Several other applications of equation (80) will now be discussed.

IL2 * V...-. -I s 2
ILI *- ---- IsI

Iss

.... g.- † I s 2 ....
s1.... VI

Method 11

In this method (Figure 18) we let
OL, = 00, equation (80) becoming

cos2 0'
S2 - cos 2 0

S2 = S
L sin2 L 2 (81)

Figure 18

IS

I L I s toSz

IL2 * -jr -IS 2 ...,.... ;. . ...

Figure 19

IS

......

IL Is

ILI ..- IS ........... I'5

This case could be used for measure-
ments of high values of VSWR.

Method 12

Here we letOL 2 = 900, equation
(80) becoming

cos2 q
S2 Li
L - sin2 0

S 2

(82)

This method (Figure 19) can be used
for low values of VSWR when noise
obscures the minima.

Method 13

In this method (Figure 20) we let
OL2 = 90, and OL1 = 0 . equation (80)
becoming

cos 0'
S2

LL =sin 0-
S1Figure 20

(83)
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A nomograph of equation (83) is shown in Plate 6 on page 21. This method is a useful one
for low values of VSWR.

In practice, the voltage distributions of Figures 17 to 20 would be obtained as follows.
First, the transmission line is shorted and sufficient power fed to the line to enable Is'min
to be read on the indicator. For some convenient value of I' , A52 would be measured.
The power input to the line would then be lowered until Is max = IS2* The quantity Asl
would then be measured at the voltage level Isi = IS'min- The line would then be loaded
with the unknown impedance and the input power adjusted so that IL min = Izsmin (Figure 18)
or IL max = Is max (Figures 19 and 20). The quantity AL could then be measured in those
cases in which it is required.

Expression for the Law of the Detector

Using the same method of analysis as before we obtain for the methods illustrated by
Figures 17 through 20 the following expression for the law of the detector.

log1 0 (12/Il)

log1 0 (cosO9 /sinO ) (84)
52 51L

SUMMARY OF METHODS

For convenience in applying the methods derived in this report the significant ones
are assembled in Table I on page 25. It will be noted that the expressions obtained in
the cases where the effect of the lossy short is taken into account reduce to those ob -
tained assuming a lossles's short when cos Os2 = 1. In making measurements using the
distribution on shorted lines initial measurements will enable one to determine whether
this approximation can be made. In contrast with the Methods requiring the use of
distributions on shorted lines, Methods 8, 9, and 10 would appear to be the most useful.

CONCLUSIONS

Expressions have been derived which do not appear to have been previously available
enabling one to measure the VSWR on transmission lines independently of the detector
characteristics. It is felt that these expressions will be of particular usefulness when
crystals are used as detectors, since these are not always square law and may not retain
their calibration for any appreciable length of time. In using other detectors the methods
indicated here have the advantage of not requiring any assumption as to the law of the
detector.
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APPENDIX I

Extension of the Methods for Obtaining the Voltage-Standing-Wave Ratio
to Attenuating Transmission Lines

On a transmission line which has attenuation, a voltage distribution such as is shown
in Figure 21(a) would be obtained on a loaded line. One similar to that shown in Figure
21(b) would be obtained on a shorted line. It is easily shown' that for the conditions of
Figure 21(a) we have

KL =K' EaXL (85)
L

(A)

LOADED
LINE (B)

SHORTED
LINE

-x, x

Fig. 21 - Voltage distributions-obtained on attenuating transmission lines

where KL is the true reflection coefficient of the load, K]: is the reflection coefficient
measured at distance XL from the load and a is the line attenuation constant. In refer -

ence' it is also shown that for the case of, Figure 21(b) we have

K1 = E -2 aXS (86)
5

where Ks' is the reflection coefficient measured at distance Xs from the load. Equation (86)
is derived assuming a perfect shorting termination.

Multiplying equations (85) and (86) gives

KL K =KL E 2a (XL - Xs) (87)

It is evident that to obtain K ' or Ks' by using the value of Vmax as obtained at one point
and the value Vmin as obtained at a point X/4 from the maximum is not strictly correct.
However values of Vmax and Vmin for both the loaded and shorted cases, can be obtained
within a length of the line equal to X/2. It is thus assumed that, although the line is

l "The Solution of Transmission-Line Problems in the Case of Attenuating Transmission
Line" - G. Glinski, Trans. AIEE, V. 65, p. 46, Feb. 1946
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attenuating, the attenuation of the length of line equal to X/2 is negligible, i.e.'E ax/2, 1.
Equation (87) thus becomes

K K' = K' (88)Ls L

Substituting in equation (88) from equation (4) gives

S' S' - 1
SL s L (89)
L SI - SI

s L

By means of equation (89) the value of VSWR at the load, SL, can be obtained by measuring
the VSWR on the shorted line at approximately the same point it was obtained on the loaded
line.

If we assume that the attenuation of a length of line equal to X/2 is negligible then adja-
cent maxima are practically equal. The voltage distribution within this region can then be
expressed by the same voltage distribution used in the lossless line cases. Thus for the
loaded line case we have

V2 = V2 sin' 0 + VLi2 cos22 L (90)

while for the shorted line we have

V2 = V 2  sin 2  + V 2  
. cos 2 O(91

s smax s s min s (91)

However these conditions are the same as those beginning with the last paragraph on page 12,
where the effect of lossy shorting termination was to give a finite value of Vs min on the shorted
line. All the methods described in that chapter can be used here, however the quantity SL appear -
ing in those equations now becomes Sf since we are obtaining the value of VSWR at some
distance from the load. The quantity Ss is obtained from equation (78). The values SL'
and SI are then substituted in equation (89).

For example consider the application of Methoa i3 to the case of attenuating trans-
mission line. For that method we have

cos e'
St 'S2 (83)
L sin 0

SI

and cot 0anS ctSI (78)

s tan 0'
S2

Substituting these into equation (89) gives

cot 0 cos 0' -tan G' sin 0
51S S2 S2 SI (92)

SL cos 0 - sin G'
S1 S2

Using equation (92) with Method 13 automatically includes the effect of line attenuation.
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